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Abstract
The boundary layer ﬂow and heat transfer analysis of viscous incompressible electrically conducting and Jeﬀrey ﬂuid model for
viscoelastic nanoﬂuid over a stretching sheet under the eﬀects of magnetic ﬁeld and thermal radiation is investigated. The governing
partial diﬀerential equations reduced into a set of coupled non linear ordinary diﬀerential equations by using suitable similarity
transformations which are solved by variational ﬁnite element method. Behaviour of ﬂow parameters are presented and discussed
for velocity, temperature, nanoparticle volume fraction, local nusslet number and local Sherwood number.
c© 2015 The Authors. Published by Elsevier Ltd.
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1. Introduction
The boundary layer ﬂow occurs due to a stretching sheet in thermal and moisture treatment of materials, particularly
in process of involving continuous pulling of a sheet, in the manufacture of polymeric sheets, crystalline materials,
sheet glass and metallurgy. Sakiadis[1] initiated the study of the boundary layer ﬂow over a stretched surface and
formulated boundary layer equations. Crane [2] investigated the heat transfer boundary layer ﬂow caused by the
stretching sheet. Carraagher et al.[3] analysed the ﬂow and heat transfer past a stretching sheet by taking the diﬀerence
between the surface and ambient ﬂuid temperature is proportional to the power of distance from a ﬁxed point. The
work of Sakiadas and Crane extended by many researchers[4]-[7] by taking the eﬀects of heat and mass transfer.
In real situation, most of the ﬂuids used in industrial applications are more non-Newtonian in nature, especially of
viscoelastic type than viscous type. Rajagopal et al. [8], Siddappa et al. [9], Subhas et al.[10], Siddheshwar et al.[11],
S.K. Khan [12], have studied the ﬂow of a viscoelastic ﬂuid over a stretching sheet under various physical situations.
The radiation eﬀect on viscoelastic boundary layer ﬂow, heat transfer analysis problems at high operating temperature
can be quite signiﬁcant. Raptis and Perdikis [13] studied the viscoelastic ﬂuid ﬂow, heat transfer past a semi-inﬁnite
plate, with constant suction and thermal radiation. Hady et al. [14] investigated the eﬀects of heat transfer over a
∗ Corresponding author. Tel.: 91-9248358378
E-mail address: madhumaccha@gmail.com
 5 The Authors. Published by Elsevier Ltd. This is an open access article under the CC BY-NC-ND license 
(http://creativecommons.org/licenses/by-nc-nd/4.0/).
Peer-review under responsibility of the organizing committee of ICCHMT – 2015
433 Macha Madhu and Naikoti Kishan /  Procedia Engineering  127 ( 2015 )  432 – 439 
nonlinearly stretching sheet with thermal radiation eﬀect. Recently, Nadeem et al.[15] studied the jeﬀrey ﬂuid model
for non-Newtonian nanoﬂuid over stretching sheet and solved numerically.
Nanoﬂuids are fundamentally characterized by the fact that Brownian agitation overcomes any settling motion due
to gravity. Thus, a stable nanoﬂuid is theoretically possible as long as particles stay small enough (usually ¡100nm).
This began with early experiments on thermal conductivity, by a group at Argonne National Laboratory led by [16].
Nanoﬂuids would be useful as coolants in the automobile and electronics industries. The nanoparticles Applications
provides an improving heat transfer characteristics of ﬂuids eﬀectively. If nanoﬂuid is added to the heat and mass
transfer analysis it would be of great interest to researchers. The enhancement of heat transfer characteristics of
nanoﬂuids explained by many researchers. The signiﬁcant amount of literature is available, deals with the study of
nanoﬂuid and its applications , Buongiorno J [17], Kakac S et .al [18], Khan WA et.al [19], Kuznetsov AV et.al
[20,21].
In the present work, deals with the eﬀects of magneto hydrodynamic boundary layer ﬂow of Jeﬀrey ﬂuid model for
a visco-elastic nanoﬂuid over a stretching sheet with radiation are investigated. The eﬀects of diﬀerent ﬂow parameters
on velocity, temperature and nanoparticle volume fraction proﬁles are presented graphically and discussed.
2. Mathematical formulation
Consider a two-dimensional steady, laminar boundary layer ﬂow of a viscous incompressible and electrically con-
ducting Jeﬀrey ﬂuid model of a visco-elastic nanoﬂuid over a stretching sheet. Here the nanoﬂuid is consider to be a
single phase in thermal equilibrium and the nanoparticles have uniform size and shape. The x− axis chosen along the
stretching sheet and y − axis taken normal to it. The origin is located at y = 0 through which the sheet is stretching.
The sheet is coinciding with the plane y = 0 and the ﬂow conﬁned to y > 0. The ﬂow is generated as a consequence
of stretching sheet, caused by a simultaneous application of equal and opposite forces acting along the x − axis. The
continuous stretching sheet is assumed to have the linear velocity uw(x) = ax, where a > 0 is constant, this is known
as stretching rate. The boundary layer equations of Jeﬀrey ﬂuid along nanoparticles for the present problem are:
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The associated boundary conditions are
u = uw(x) = ax, v = 0, T = Tw, DB
∂C
∂y
+ DT
∂T
∂y
= 0 at y = 0, (5a)
uy = 0, u = 0, v = 0, T = T∞, C = C∞ at y→ ∞ (5b)
where u is the velocity component along x direction and v is the velocity component along y direction. Further, ρ f , σ,
υ, B0, ρ and ρp are respectively the density of the base ﬂuid, electrical conductivity, kinematic viscosity , strength of
the magnetic ﬁeld, density of the ﬂuid and density of the particles. Here, λ is the ratio of relaxation time to retardation
times and λ1 is the retardation time. α is the thermal diﬀusivity. T and C are ﬂuid temperature and nanoparticles
fraction, respectively. Tw and T∞ are the temperature of the ﬂuid at the wall and ambient temperature when y → ∞.
Cw and C∞ are the nanoparticle volume fraction at wall and ambient nanoparticle volume fraction when y → ∞. DB
and DT are respectively the Brownian diﬀusion coeﬃcient and thermophoretic diﬀusion coeﬃcient.
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The Rosseland approximation for radiation is
∂qr
∂y
= −4σ
∗
3k∗
∂T 4
∂y
, (6)
where σ∗ is the Stefan-Boltzmann constant and k∗ is the mean absorption coeﬃcient. Assume that the temperature
diﬀerences, such as the term T 4 within the ﬂow, may be expressed as a linear function of temperature. Taylor series
expanding for T 4 about T∞. After neglecting higher-order terms,
T 4 = 4T 4∞T − 3T 4∞ (7)
Using (6) and (7) , we obtain
∂qr
∂y
= −16σ
∗T 3∞
3k∗
∂2T
∂y2
, (8)
Introducing, the following similarity transformations
ψ = (aυ)1/2 f (η), θ(η) =
T − T∞
Tw − T∞ , φ(η) =
C −C∞
C∞
, η =
√
a
υ
y (9)
where ψ is deﬁned as u = ∂ψ
∂y , v = − ∂ψ∂x . Using equation(9), automatically satisfy the continuity equation (1). In terms
of f (η), θ(η) and φ(η) Eqs. (2)-(4) becomes:
f ′′′ + β
(
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)
+ (1 + λ)
(
f f ′′ − f ′2 − M f ′
)
= 0 (10)
(
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θ′′ + Pr
[
f θ′ + Nbθ′φ′ + Ntθ′2
]
= 0 (11)
φ′′ + Le f φ′ +
Nt
Nb
θ′′ = 0 (12)
Using Eq (9), the boundary conditions becomes,
f ′ = 1, f = 0, θ = 1, Nbφ′ + Ntθ′ = 0 at η = 0 (13a)
f ′ → 0, θ → 0, φ→ 0 as η→ ∞. (13b)
In these expressions β = λ1c is Deborah number, Pr = υα is Prandtl number, M =
σB20
aρ f
is the magnetic ﬁeld strength
parameter, Nb = (ρc)pDBC∞
υ(ρc) f
represents the Brownian motion, Nt = (ρc)pDT (Tw−T∞)T∞υ(ρc) f thermophoresis parameter, Rd =
4σ∗T 3∞
kk∗
is the radiation parameter, Le = υDB the Lewis number. For practical purpose, the functions θ(η) and φ(η) allow us to
determine local Nusslet number Nux and local Sherwood number S hx and deﬁned as,
Nux =
xqw
α(Tw − T∞) , S h =
xqm
DB(C∞)
(14)
where qw and qm are,
qw = −α
(
∂T
∂y
)
y=0
, qm = −DB
(
∂C
∂y
)
y=0
. (15)
Dimennsionless form of Equation (14) tales the form Re−1/2x Nux = −
(
1 + 4Rd3
)
θ′(0) and Re−1/2x S hx = −φ′(0), where
Rex = uw(x)x/υ is local Reynolds number.
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3. Method of solution
3.1. Finite Element Method
To solve the system of simultaneous nonlinear diﬀerential equations (10)-(12), with the boundary conditions (13a)
and (13b) , we assume
f ′ = h (16)
the system of equations (10)-(12) then reduced to
h′′ + β
(
h′2 − f h′′′
)
+ (1 + λ)
(
f h′ − h2 − Mh
)
= 0 (17)
(
1 +
4Rd
3
)
θ′′ + Pr
[
f θ′ + Nbθ′φ′ + Ntθ′2
]
= 0 (18)
φ′′ + Le fφ′ +
Nt
Nb
θ′′ = 0 (19)
and the corresponding boundary conditions are reduced as
f = 0, h′ = 1, θ = 1, Nbφ′ + Ntθ′ = 0 at η = 0 (20a)
h′ → 0, θ → 0, φ→ 0 as η→ ∞. (20b)
For computational purposes, here η at ∞ is takes numerically as ηmax and chosen large enough, so that the solution
shows no further change for η larger than ηmax. The boundary condition for ηmax (i.e., η → ∞) is ﬁxed as ηmax = 6,
without any loss of generality.
3.2. Variational formulation
The variational form associated with Equations (16)-(19) over a typical Quadratic element (ηe, ηe+1) is given by
∫ ηe+1
ηe
w1
{
f ′ − h} dη = 0 (21)
∫ ηe+1
ηe
w2
{
h′′ + β
(
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)
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(
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)}
dη = 0 (22)
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{(
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4Rd
3
)
θ′′ + Pr
[
f θ′ + Nbθ′φ′ + Ntθ′2
]}
dη = 0 (23)
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ηe
w4
{
φ′′ + Le fφ′ +
Nt
Nb
θ′′
}
dη = 0 (24)
where w1,w2,w3 and w4 are weight functions and may be viewed as the variation in f , h, θ and φ respectively.
3.3. Finite element formulation
The ﬁnite element model from equations (21)-(24) by substituting ﬁnite element approximations of the form
f =
3∑
j=1
f jψ j, h =
3∑
j=1
h jψ j, θ =
3∑
j=1
θ jψ j, φ =
3∑
j=1
φ jψ j
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with w1 = w2 = w3 = w4 = ψi, (i = 1, 2, 3),
where ψi are the shape functions for a Quadratic element (ηe, ηe+1) and are taken as
ψ(e)1 =
(ηe+1 + ηe − 2η) (ηe+1 − η)
(ηe+1 − ηe)2 , ψ
(e)
2 =
4(η − ηe) (ηe+1 − η)
(ηe+1 − ηe)2 ,
ψ(e)3 =
(ηe+1 + ηe − 2η) (η − ηe)
(ηe+1 − ηe)2 , ηe ≤ η ≤ ηe+1.
The ﬁnite element model of the equations thus formed is given by:
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where
f =
3∑
i=1
fiψi, h =
3∑
i=1
hiψi, h′ =
3∑
i=1
h′iψi, θ′ =
3∑
i=1
θ′iψi, φ′ =
3∑
i=1
φ′iψi
The whole ﬂow domain is divided into 1000 Quadratic elements of equal size, the element size is taken as Δη = 0.006.
At each node four functions are to be evaluated; hence after assembly of all the elemental equations, we obtain a matrix
of the order 8004 × 8004. The obtained system is non-linear, therefore an iterative scheme is utilized in the solution.
After imposing the boundary conditions the remaining system contains 7997 equations, which is solved by the Gauss
elimination method while maintaining an accuracy of 10−5.
4. Results and discussion
Numerical computations are performed for diﬀerent values of the physical parameters involved in the equations
viz., Deborah number β, Prandtl number Pr, magnetic ﬁeld strength parameter M, Brownian motion Nb, thermophore-
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Table 1. Comparison of results for −θ′(0) and −φ′(0) when Le = Pr = 10 and β = λ = M = Rd = 0
−θ′(0) −φ′(0)
Nb Nt Khan and Pop [19] Present results Khan and Pop[19] Present results
0.1 0.1 0.9524 0.95237 2.1294 2.12916
0.2 0.6932 0.69311 2.2740 2.27384
0.2 0.1 0.5056 0.50545 2.3819 2.38175
0.2 0.3654 0.36527 2.5152 2.51514
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Fig. 1. Eﬀect of β on velocity, temperature and nanoparticle volume fraction proﬁles
sis parameter Nt, ratio of relaxation to retardation times λ, radiation parameter Rd, Lewis number Le. The compu-
tational results are presented in ﬁg 1-9 to understand the eﬀects of physical parameters on the ﬂow, temperature,
nanoparticle volume fraction, local Nusslet number and local Sherwood number. In order to assure the accuracy of
the present numerical method the computed values of local Nusslet number −θ′(0) and local Sherwood number −φ′(0)
are compared with the available results of Khan et al. [19]. The present results are found in excellent agrement with
Khan et al. [19].
Figure 1 illustrates the eﬀect of Deborah number β on velocity, temperature and nanoparticle volume fraction. It can
be seen that the velocity proﬁle increases with the increase of Deborah number β while the boundary layer thickness
decreases. On the other hand the eﬀects of β is to decreases the temperature as well as nanoparticle volume fraction
proﬁles. The eﬀects of λ on velocity, temperature and nanoparticle volume fraction proﬁles are shown in ﬁgure 2. The
velocity proﬁle decreases with the increase of λ values where as the temperature and nanoparticle volume fraction
proﬁles increases with the increase of λ values.
Figure 3 depicts the eﬀects of the magnetic ﬁeld strength parameter M on velocity, temperature and nanoparticle
volume fraction proﬁles respectively. The eﬀects of magnetic ﬁeld strength parameter M is to reduce the velocity
proﬁles f ′ on the other hand it increases the temperature and nanoparticle volume fraction proﬁles. In an electrically
conducting ﬂuid if magnetic ﬁeld is applied a resistive force like a drag force is produced, which is called Lorentz
force. The nature of Lorentz force retards the force on the velocity ﬁeld and therefore the magnetic ﬁeld eﬀects
decelerates the velocity proﬁles. The Lorentz force has the tendency to slow down the ﬂuid motion and the resistance
oﬀered to the ﬂow. Therefore, it is possible for the increase in the temperature, hence the thermal boundary layer
thickness increases .
The thermophoresis parameter Nt eﬀect on temperature and nano particle volumefraction proﬁles are shown in
ﬁgure 4. The eﬀects of Nt is to increases both temperature and nano particle volumefraction proﬁles. Figure 5 depicts
for the eﬀects of heat radiation parameter Rd on temperature proﬁles. It is clear from the ﬁgure that temperature
distribution decreases with an increase in Rd, thus leading to higher heat transfer rate between the nanoﬂuid and the
surface. Figure 6 is the graphical representation of the nanoparticle volume fraction proﬁles for diﬀerent values of
Brownian motion Nb. It can be observed from this ﬁgure that the nanoparticle volume fraction proﬁle decreases with
the increasing values of Nb. The eﬀects of Lewis number Le is to reduces the temperature and nanoparticle volume
fraction proﬁles is observed from ﬁgure 7.
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Fig. 2. Eﬀect of λ on velocity, temperature and nanoparticle volume fraction proﬁles
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Fig. 3. Eﬀect of magnetic parameter M on velocity, temperature and nano particle volumefraction proﬁles
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Fig. 4. Eﬀect of Nt on temperature and nanoparticle volume fraction proﬁles
The variation of the local nusselt number with thermophoresis and radiation parameter is shown in ﬁgure 8. We
noticed that the local nusselt number decreases with the rise of radiation parameter Rd and thermophoresis parameter
Nt. Eﬀects of thermophoresis and Brownian motion parameter on local sherwood number presented in ﬁgure 9. Local
sherwood number increases with increasing Brownian motion Nb but it decreases with thermophoresis parameter Nt.
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Fig. 5. Eﬀect of Rd on temperature proﬁles
0 0.5 1 1.5 2 2.5 3
−0.15
−0.1
−0.05
0
0.05
0.1
η
φ
Nb=0.3, 0.6, 0.9
Fig. 6. Eﬀect of Nb on nanoparticle volume
fraction proﬁles
0 0.5 1 1.5 2
−0.3
−0.25
−0.2
−0.15
−0.1
−0.05
0
0.05
0.1
η
φ
Le=5, 10, 15
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Fig. 8. Eﬀects of Nt and Rd on local nusselt number
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Fig. 9. Eﬀects of Nt and Nb on local sherwood number
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